We study a specific model of neutron star matter that supports a phase transition to quark matter at high density and examine parameter ranges for consistency with the mass-weighted tidal deformability ofΛ = 300 +420 −230 for a mass ratio of q ∈ [0.73, 1.0], as inferred from observations of gravitational waves from the binary neutron star merger event GW170817. By using this observation to restrict the parameter space for the equation of state (EoS) model used throughout this study, we aim to assess the possibility of a potential solution to the masquerade and flavor camouflage problems for hybrid EoS models. Assuming the two stars have the same EoS, in which the Dirac-Brueckner-Hartree Fock (DBHF) nuclear model transitions to the vBag quark model, we see if the parameter space of these hybrid model stars are restricted due to the adherence to the reported Λ 1.4 ∈ [70, 580] and M max ∈ [2.01, 2.16] M constraints. Upon completion, we find that, while the parameter space for our model does get restricted, it does not ultimately resolve the masquerade and flavor camouflage problems.
Introduction
Understanding the equation of state of strongly interacting matter under the extreme conditions in compact stars is a key problem of interest in astrophysics [1, 2] . One of the most pressing issues revolves around understanding models that experience a phase transition from hadronic to deconfined quark matter at densities several times that of nuclear saturation. While modern observational techniques have allowed for constraints to the mass-radius relations of these stars to be generated, the so-called "masquerade" [3] and "flavor camouflage" [4] problems still persist. As it stands, based on current observational techniques, a hybrid star with quark matter in its interior is indistinguishable from that of an ordinary Neutron Star (NS)-even more so if mixed phases exist. Furthermore, when considering phase transitions from nuclear to two-flavor (2f) or three-flavor (3f), matter signatures in the mass-radius relations become effectively camouflaged when compared to their purely nuclear counterparts. Therefore, it becomes apparent that additional methods are needed to further understand these hybrid models.
On 17 August 2017, the Advanced LIGO/VIRGO scientific collaborations intercepted signals of gravitational radiation [5] -in addition to-the accompanying electromagnetic signal [6, 7] from coalescing neutron stars (NSs)-thus ushering in a new age of multi-messenger astronomy. While the GW170817 signal has provided a long awaited tool needed to probe the interior of these bodies, speculation about its ability to resolve various properties of hybrid configurations has arisen [8] [9] [10] . It has been shown [11] [12] [13] [14] [15] [16] [17] [18] that, during the inspiral phase of binary coalescence, each star induces a static tidal field upon one another. These tidal fields then generate deformations in the structure of each star, consequently draining energy from the orbit, and expediting coalescence. These tidal effects are encoded into the gravitational wave (GW) signatures and, by connecting the geometric structure and interior properties, the nature of dense matter within the star's interior can potentially be decoded.
This study aims to illustrate a framework to understand how the tidal interactions from coalescing neutron stars can be used to potentially identify quark matter in hybrid configurations. In Section 2, we demonstrate how tidal deformations arise through the lens of modern gravitational theory. Section 3 provides a brief overview of the nuclear and quark matter models used for this study, while defining the necessary conditions for a phase transition to occur. Section 4 lists the constraints we use and our results and concluding remarks are gathered in Section 5. (Unless otherwise specified: G = c =h = 1).
Relativistic Tidal Deformations

Gravitational Radiation
In the context of gravitational radiation, the intertwined relation between the dynamics of a source's quadrupole moments and the surrounding external tidal field may be exploited. By using such relationships, new insights into the star's interior can be revealed from quantifiable parameters extracted from signals of gravitational radiation intercepted by ground based detectors [19] . To help with the extraction of theses parameters, match filtering techniques are typically applied to efficiently sift through signal noise and properly identify the waveform that corresponds with these parameters. Therefore, Post-Newtonian (PN) expansions of the system's signal and observables are taken to determine the dominant features. When assessing the source's tidal influence on the gravitational wave signal, the leading order contribution can be found in the gravitational wave phase in terms of the chirp mass M c , symmetric mass ratio η, and tidal deformability in the 5PN expansion term [12, 20, 21] :
Recalling Kepler's 3 rd , the phase contribution δΨ 5PN Tidal is conveniently expressed in terms of the gravitational wave frequency f as opposed to its velocity v. The mass-weighted average, or effective, tidal deformability Λ serves as a parameter to model the dominant tidal behavior from each star in the binary systemΛ
Here, Λ is expressed in terms of the respective masses M 1 , M 2 and tidal deformability Λ 1 , Λ 2 from each star 1 . The difficulty in extracting information about an individual star has been well established, so in the same vein in applying the more constrained chirp mass to understand the mass contributions, the effective tidal deformability provides a more efficient tool to decode the tidal behavior within a binary system. 1 The factor of 16 /13 serves as a normalization factor, such that for q = 1, Λ = (Λ 1 +Λ 2 ) /2.
Modeling Tidal Deformations
Since Λ quantifies the extent of deformations, we expect to see for a given tidal field that it is important that we properly find a correlation between the geometric and matter properties of our desired system. Solving the field equations for the equilibrium structureḠ µν = 8πT µν yield the Tolman-Oppenheimer-Volkoff (TOV) Equations [22, 23] 
where m is the mass at some radial distance r, and p, are the pressure and energy density of the comprising fluid in the star. Provided an equation of state (EoS) model, where a relation between the pressure and energy density is established, the equations above can be integrated concurrently from the star's core until the pressure and energy density become approximately zero at the surface-resulting in the mass and radius of the star. Solving for the linear perturbation term δG
µν produces a relation involving the perturbation potential H (r) [14, 18] :
where in the interior of the star:
Here, c s is the speed of sound in the medium, is the multipole order, andḡ rr is the r-r component of the Schwarzschild metric.
For the purpose of computation, in the limit as the radius approaches the center of the star (i.e., r → 0), the perturbation potential behaves lim r→0 H ∼ r . To avoid computations diverging towards the center of the star, it is standard to convert Equation (5) into a logarithmic form like so:
The interior solution can be solved in tandem with the TOV Equations and has an initial condition of y int (0) = due to the r → 0 limit for H .
In the exterior region, the potential region reduces to function dependent on the associated Legendre Polynomials of the 1st and 2nd kind:
The constants a Q , a P serves as a normalization factor such that, in the far limit r → ∞, the "growing" contributionP 2 (x) ∼ x is equal to the "shrinking" contributionQ 2 (x) ∼ x −( +1) . To create a matching condition at the surface, the logarithmic form [13] expressed by Equation (8) is as follows in the exterior region of the star:
At the surface of the star, the internal and external perturbation potentials are equal and can be summarized by y int (R) = y ext (R) = Y . Matching the internal and external gravitational potentials produces the following definition of the polar tidal Love number [24] in terms of the tidal deformability and compactness parameter C = M /R:
For a given multipole order , one can expect to detect dimensionless tidal deformability of the following form:
Since gravitational waves are produced by accelerating quadrupole moments ( = 2), the tidal deformability that one can expect to detect in ground-based detectors is of the following form:
where Λ = Λ =2 and Y = Y =2 . From the effective relation Λ = f (M, R, EoS), we see how a star's shape and interior make up influence its behavior during the merger process. Typically from a given signal, a single value for the chirp mass and a range of potential component mass values are reported. Therefore, in order to assess the potential deformability of the various binary configurations, we can expect a range of values for Λ 1 , Λ 2 , and Λ.
Hybrid Equation of the State Model
Nuclear Matter
When modeling the behavior of cold hadronic matter for astrophysical applications, it is common to approximate the energy per baryon using the parabolic expansion:
which is dependent on the baryonic density n and the proton fraction x = n p/n. Then, by applying simple thermodynamic relations
to an ensemble describing matter that adheres to the conditions of beta equilibrium and charge neutrality the nuclear pressure and energy density take the following form:
To efficiently parameterize the many-body behavior in the nuclear regimes, the Dirac-Brueckner-Hartree-Fock (DBHF) model [25] [26] [27] [28] [29] was chosen. This model has been well tested for neutron star applications [30] and is widely used throughout the field.
Phase Transitions
As one begins to approach high pressure regimes inside of a star, prior studies have suggested that a star's ingredient nuclear matter will begin to break down into its constituent parts-quarks. This phase transition softens the EoS, therefore reducing the tidal deformability. Therefore, the boundary conditions our model demand that a phase transition from nuclear to quark matter occur at the following circumstances [4, 31] :
Here, the P i µ i B,crit terms represent the pressure value at the critical baryon-chemical potential required for chiral transition. It is to be noted that the pressure differentials at µ B,crit are different for each state of matter, and the behavior of these differentials is characteristic of different transitions. A Maxwell phase transition is signified by a discontinuous jump between states, whereas Gibbs transition results from a smooth transition due to mixed phases of matter between pure nuclear and pure quark regimes. To account for potential mixed phases of matter, the energy density for the entire model can be summed up by the following relation:
with η = V q/V ∈ [0, 1] defining the volume fraction of quark matter in our system. For a Maxwell transition, the volume fraction takes on discrete values of 0 or 1 depending on the regime of the star that is being assessed. In short, η = 0 for the outer nuclear regions, and abruptly switches to η = 1 for the inner quark matter regions. For a Gibbs transition, the energy density described by Equation (20) will have a fractional dependence on both terms due to the fractional value of η inside of mixed phases.
To account for discontinuities due to a possible Maxwell transition, the in-medium speed of sound term in B (r) can take a discontinuous form
producing a smooth c s curve for the parabolic nuclear regimes that discontinuously jumps into a curve that is dependent on the behavior the quark matter located in the star's interior. Here, p d signifies the pressure located at the discontinuous jump, + the energy density approaching from the upper limit, and − the energy density approaching from the lower limit. Consequently, this forces y int to take the form of Equation (14) in [17] . It is to be noted that, since the speed of sound will be computed by numerical differentiation, it is important that the equation of state model is well-defined throughout all regimes of the star. This will result in a better representation of c s , and thus a more accurate calculation for Λ.
Quark Matter
When considering the behavior of quark matter, it is standard to build models accounting for non-interacting or interacting behavior, like the Bag and NJL models, respectively. The vector-interaction-enhanced (vBag) [32] model takes highlights from both schools of thought to effectively model quark matter phenomena in a linear fashion. For a generalized regime containing all three flavors of the light quarks, pressure and energy density as described by the vBag model are
The Bag constant, B dc , is a pressure term that regulates the chiral and deconfinement behavior of the system. Additionally, P vBag, f and vBag, f are the pressure and energy density of a single quark flavor, respectively, and are as follows:
the K v parameter in the second term is a coupling constant that results from vector interactions, and B χ, f is the Bag constant of a single flavor, The chemical potential, µ * f , of the system is parameterized by the following relation:
In order to ensure that the phase transition from nuclear to quark occurs at the same chemical potential, we introduce the following effective Bag constant:
The first term illustrates how B eff can be used in either case of quark flavor. In the case of two-flavor matter, we negate the Bag constant resulting from the strange quark contribution. For the hybrid models used in this study, two flavor configurations with (K v , B eff ) = (4, 65), (4, 70) and three flavor configurations with (K v , B eff ) = (17.5, 95), (17, 80) will be used-their resulting equation of state profiles can be seen in Figure 1 below. 
Constraints from the Tidal Contributions of Gravitational Radiation
GW170817 Results
Current bounds for the effective tidal deformability-as reported by the LIGO-VIRGO collaboration [33] -has been placed atΛ = 300 +420 −230 at a 90% confidence for low-spin priors. Furthermore, the deformability of a star at the Chandrasekhar mass has been reported at Λ 1.
−120 under the same conditions. At a 90% confidence level, the chirp mass was constrained to M c = 1.186 ± 0.001. Inferred component mass ranges were reported at M 1 ∈ [1.36, 1.60] M and M 2 ∈ [1.16, 1.36] M with a mass ratio q ∈ (0.73, 1.0] all at a 90% confidence level.
Constraints
Assuming that both stars in our system are comprised of the same EoS, we assess our models against the following tidal deformability constraints:
Furthermore, a host of prior studies [34, 35] have suggested that a given EoS model should be able to comfortably sustain a maximum mass of approximately M max ∈ [2.01, 2.16] M . It should be noted that recent parameter estimation studies that include the accompanying gamma-ray burst [6] and kilonova [7] signals have been conducted. Recent studies of the multi-messenger signals have placed different constraints onΛ, but, because hybrid EoS models were not taken into account in their study, these bounds may provide inconclusive results [36, 37] . Therefore, for the purpose of this study, we will abide by the constraints reported in the LIGO report, and use the constraints from the multi-messenger analysis as a tentative requirement until models with hybrid EoS are developed. In short, we can begin to reduce the parameter space in our model by applying the above constraints.
Results
Mass-Radii Relation
A common approach to understanding the type of star configurations produced by a given EoS model is to analyze the mass-radii relation of the set. For the purpose of this study, the hybrid models will be divided by the construction of its respective phase transition and assessed with respect to its purely nuclear counterpart. Looking at the mass-radius relation for the DBHF model in the Figure 2 below, it becomes apparent that it doesn't adhere to the maximum mass constraint as it is able to sustain stable configurations that exceed 2.16 M . While the purely nuclear curve doesn't adhere to these constraints, it appears that a phase transition from nuclear to quark matter rectifies this issue. The parameters established in the vBag model control the type of curves that result after the transition from hadronic to quark matter occurs. The K v parameter controls the curve's stiffness, while the effective bag coefficient B eff triggers the location where the phase transition is along the nuclear curve. The aggressive phase transition associated with the Maxwell construction appears in the mass-radii relations as a sharp discontinuous transition to a quark matter branch. On the other hand, due to the appearance of mixed phases, hybrid models that experience a Gibbs transition produce mass-radius curves that have a smooth transition from the nuclear to quark matter branch. Looking the hybrid models that underwent a Maxwell transition, in Figure 2 , all but the (K v , B eff ) = (17.5, 95) models are able to sustain masses that meet the M max requirements. Furthermore, it appears that the star configurations that occur after the transition for (K v , B eff ) = (17.5, 95) are all unstable, while the others contain both stable and unstable configurations. For the models that undergo Gibbs transitions, all are able to meet the M max constraints. Additionally, these curves illustrate that the maximum radius for star produced under these models is slightly less than 12.5 km.
Tidal Relations
Moving to the tidal relations, all of the models-including the nuclear model-adhere to the effective tidal deformability constraint. Table 1 shows that the effective tidal deformability is fairly stiff across the mass-ratio spectrum reported by LIGO. While a recent study [36] showed that this held for various nuclear models, these results show that this relation forΛ(q) can also hold for hybrid models as well. With the nominal value forΛ being reported at 300, it appears that the (K v , B eff ) = (17, 80) Gibbs-constructed hybrid model is more favored by this constraint. The resulting Λ 1.4 values presented in Table 2 show that the Maxwell-constructed models used in our study are not feasible as they all exceed the upper bound of the Λ 1.4 constraint. Additionally, with a nominal value of 190 being reported for Λ, the (K v , B eff ) = (17, 80) Gibbs-constructed hybrid model is also more favored by this tidal constraint too. The tidal relations in Figure 3 illustrate that many of the features discussed for the mass-radii relations translate over to the curves relating the stellar mass to the tidal deformability. While a brief deviation occurs near values at the top of the curves produced by the hybrid models, star configurations below 2 M are indistinguishable from one another. This visualization corroborates the data from the two tables above, and provides further insight into why the Maxwell-constructed models fail the Λ 1.4 constraint. As seen in the description of Table 2 , the nuclear DBHF model fails both the M max and Λ 1.4 constraints, and, with the Maxwell-constructed phase transitions occurring at relatively higher masses, it becomes very apparent as to why these models fail the Λ 1.4 constraint. While the (K v , B eff ) = (4, 70), (17.5, 95) , and (17, 80) models provide the necessary conditions to adhere to the maximum mass constraint because the radii for these high mass configurations are very similar, the compactness C values are still very similar to that of the nuclear model.
Further analysis of the values reported in
All of the data presented in this study illustrate how the hybrid models under Gibbs construction produce softer-more compact-configurations, and, as seen by Equation (13), the compactness is a driving force in the Λ computation. The presence of mixed quark-hadron phases resulting from these types of phase transitions soften the equation of state in such a way that these hybrid models are able to adhere to all of the constraints provided by the multi-messenger observations. Lastly, the stiffness illustrated by the quark matter branches for all the hybrid models makes it difficult to delineate them from one another. Even with the deviations from the nuclear models at higher masses, especially for the Maxwell-constructed models, the tidal parameters can at times be almost indistinguishable from that of the purely nuclear model. For the Gibbs models used in this study, it is a bit difficult to understand which flavor composition is favored as the (K v , B eff ) = (4, 65) (2f) and (K v , B eff ) = (17, 80) (3f) models have tidal parameter values that are closer to the favorable nominal values, while the (K v , B eff ) = (4, 70) (2f) and (K v , B eff ) = (17.5, 95) (3f) models produce values that resemble the nuclear and Maxwell-constructed models.
Conclusions
In conclusion, by our analysis with the vBAG model, the masquerade and flavor camouflage problem are not resolved by constraints on the tidal deformability of coalescing binary neutron stars. While it is still possible to detect certain hybrid models [8] [9] [10] , we have shown that-given a particular parameter configuration-it can be difficult to determine the nuances of a given model using Λ. Specifically focusing on the values provided by GW170817, the mass values M 1 and M 2 lie in regions of the curve that make it nearly impossible to delineate from one another-let alone the quark contributions in the inner core. For higher mass configurations, without the aide of high-precision data, it still difficult to distinguish between EoS models due to the close proximity to one another. Additionally, properly extracting and estimating the parameters of an individual star-like its mass and radius-from gravitational radiation is extremely difficult. While techniques continue to rapidly improve, current parameter estimation methods for the NS observables do not help resolve the masquerade or flavor camouflage problems.
Although relativistic tidal deformations did not resolve these issues, other dynamical signatures my serve as a remedy. Signatures producing g-mode oscillations may serve as a better tool to decipher the properties of hybrid models [38] . The type of behavior that is quantified by Λ is related to the non-radial f-mode oscillations at the surface of the star. G-mode oscillations develop deeper in the star's interior, making it a better indicator for behavior in regimes occupied by quark matter.
